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a b s t r a c t
Microbially Induced Calcite Precipitation (MICP) is an innovative technique for soil grouting involving a
bacterial reactive grout. This comprehensive research study is carried out to better understand and
describe the coupled phenomena of multispecies reactive biogrout transport in a saturated, deformable
soil. A unique predictive model of the behaviour of the porous media during biogrout injection is pre-
sented. The general ﬁeld equations describing the system are derived from the macroscopical balance
equations and constitutive equations. The set of ﬁeld equations is numerically discretised. Finally, numer-
ical examples are provided as a ﬁrst step to validate the capabilities of the proposed model.
 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Calcite precipitation can occur naturally when there is an excess
of calcium ions in a solution. However, bacterial strains producing
urease can have a considerable impact on the precipitation process
if they are supplied with calcium and urea. By temporarily regulat-
ing the concentration of bacteria and nutrients in a soil, a new
engineering material can be generated through bacterially induced
calcite cementation of the existent soil matrix. This approach can
be used to decrease the permeability and the compressibility of
the soil and increase the strength of the soil.
Understanding, controlling and predicting this alternative envi-
ronmentally friendly soil reinforcement technique enables many
geo-engineering problems to be reconsidered and exposes innova-
tive applications, such as restoration of weak foundations, seismic
retroﬁtting, erosion protection and construction of ﬂoating bea-
ches. MICP has been experimentally investigated during the past
decade by several researchers [1–9], yielding a reasonable level
of understanding of the involved processes. However, the predic-
tion of MICP is still relatively unexplored, with the exception of
the recently published developments by Martinez et al. [10] and
van Wijngaarden et al. [11]. Thus, there is a clear need to further
develop comprehensive bio-chemo-hydro-mechanical (BCHM)
mathematical modelling capacities that are able to realistically
predict the multispecies reactive transport in saturated, deform-
able soils.
The objective of this paper is to develop a general mathematical
model to describe the injection, the distribution and the reaction
processes of biogrout within a saturated, deformable porous med-
ium. The consequences of sorption and reaction on the solid matrix
composition are also considered. The model is entirely deﬁned by
the ﬂow, the equilibrium and the transport equations, which are
described in a thermodynamically consistent framework. The the-
oretical treatment of the MICP-treated porous media is based on
the averaging approach proposed by Bear and Bachmat [12]. The
complex bio-chemo-mechanical coupling involved in MICP is dis-
cussed in detail in Fauriel and Laloui [13] and a simpliﬁed
stress–strain framework is thus adopted in the present model
formulation.
2. Background
2.1. Biogrouting
There has long been interest in bacterially promoted calcium
carbonate precipitation, particularly in marine systems because
of the obvious role that bacteria play in the carbon cycle through
the biomineralisation of carbonates [14]. Furthermore, the interest
in this process has greatly increased recently for applications such
as restoration of calcareous stone materials, bioremediation,
wastewater treatment, concrete strengthening and selective plug-
ging for enhanced oil recovery [6].
Biogrouting is based on the injection of an urease-producing
bacteria, typically Sporosarcina pasteurii, into the soil. First, the bac-
teria need to be cultivated in the laboratory, yielding a target con-
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centration and a target activity, which both depend on the applica-
tion, keeping in mind that the bacteria decay and their activity de-
crease during the injection. The transport of the bacteria to the
targeted location in the soil is typically controlled by gravity liquid
ﬂow or pumping. The diffusion and the dispersion of the bacteria
with respect to the advective transport are also expected. The bac-
teria are then left in the soil to attach to the solid grains. The accu-
mulation of the bacteria at the grain surface can slightly alter the
solid phase volume, affecting the porosity and the permeability. Fi-
nally, the nutrients required for the chemical precipitation to occur
(i.e., urea and calcium) are injected at a given concentration. The
transport of the nutrients is governed by advection, diffusion and
dispersion. Additionally, the nutrients can attach and detach from
the solid grains, changing the ﬂuid density. The ﬂuid density
changes can sometimes cause density-driven ﬂow. The bacterially
catalysed chemical reaction causes the concentrations of urea and
calcium to decrease in the presence of urease, and ammonium is
produced at a rate that depends on the bacterial concentration,
the speciﬁc urease activity and the urea concentration. Calcite is
also precipitated, a signiﬁcant amount of which attaches to the so-
lid grains, reducing both the porosity and the permeability of the
soil and increasing both the strength and the stiffness of the soil.
During the injection process, the mechanically induced volume
changes may affect the ﬂuid ﬂow. Reversely, the effective stress
changes related to the pore pressure variations can be very impor-
tant due to the non-negligible porosity variations upon calcite
precipitation.
The major limitation of the MICP process is related to the mate-
rial pore size. The minimum pore size in which bacteria can move
freely ranges from 0.5 to 2 lm [15]. The MICP is thus assumed to
only be efﬁcient in silts, ﬁne sands or coarser material. In addition,
secondary microbial products are produced during the metabolic
activity of the bacteria (e.g., ammonia during the hydrolysis of
urea). All of the residual products of the MICP process should be re-
moved from the soil or converted to neutral products such as
water, carbon dioxide and nitrogen gas [15], complicating the
in situ process. In the ﬁeld, the application of MICP is limited by
its low injection rate, which might cause the cementation process
to start during the injection phase. These processes are similar to
those of the micro-cement injection in soils [16].
2.2. Microbially Induced Calcite Precipitation
In natural environments, the primary means by which microor-
ganisms promote calcium carbonate precipitation is by metabolic
processes that increase the alkalinity of the soil. In MICP, by way
of urea hydrolysis, bacteria processing the enzyme urease can
use urea ((NH2)2CO) as an energy source and produce ammonium
NHþ4
 
. More speciﬁcally, the hydrolysis of urea is catalysed by ure-
ase, producing ammonium and carbonate ions ðCO23 Þ according to
Eq. (1). Ammonium then dissociates to ammonia NH3 as a result of
the pH increase, until equilibrium between NHþ4 =NH3 and
HCO3 =CO
2
3 is reached at a pH of approximately 9.3 [7]. The hydro-
lysis of urea is a homogeneous reaction that takes place within the
ﬂuid phase, causing mass transfer among the components of the
ﬂuid phase shown below.
COðNH2Þ2 þ 2H2O !
urease
2NHþ4 þ CO23 ð1Þ
Upon hydrolysis of urea, the products of Eq. (1) further react
into a wide range of dissolved species, including carbonate, bicar-
bonate ðHCO3 Þ, carbonic acid (H2CO3), hydroxide (OH) and pro-
tons (H+). In the presence of calcium ions (Ca2+), dissolved
complexes can form with the anions (e.g., calcium carbonate
(CaCO3)). This speciation is governed by acid–base equilibria and
depends on pH, temperature and salinity [7].
Finally, the last reaction type involved in MICP is mineralisation.
The mineralisation itself consists of several phases characterised
by different rates: nucleation, crystal growth and secondary
changes in the crystal lattice. If a sufﬁcient amount of carbonate
is produced, then the solution becomes oversaturated, and calcium
carbonate can precipitate (Eq. (2)). Eq. (2) corresponds to a heter-
ogeneous precipitation reaction, which adds mass to the matrix
[17].
CO23 þ Ca2þ ! CaCO3ðsÞ ð2Þ
2.3. Relevant modelling frameworks
In this section, the most representative transport models deal-
ing with some of the processes involved in MICP are reviewed.
Transport models for conventional grouts, bacteria, contaminants,
reactive chemicals and biogrout are non-exhaustively reviewed.
In the most recent studies on advanced grouting ﬂuid transport
analysis [18–21], ﬁltration is a key element in these mathematical
formulations. Bouchelaghem and Vulliet [18] also consider a
deformable soil, as well changing permeability, density and viscos-
ity following the grout injection.
Because bacteria are living organisms, they are subjected to
mechanisms that inﬂuence the transport and the removal of mi-
crobes in saturated, porous media as well as physico-chemical phe-
nomena. The mathematical models for bacteria-enriched ﬂuid
transport models of varying complexity have been proposed, and
these models typically involve a simpliﬁed form of the advec-
tion–dispersion equation [22–27]. In this model category, the
works of Schijven and co-workers [28–32] dealing with kinetic
modelling of virus transport are also noteworthy.
The advanced pollutant transport models, such as the one
developed by Biver [33], combine the ﬂow and the contaminant
transport equations. Biver [33] developed a ﬁnite element formula-
tion in the Lagamine code to solve an advection–dispersion equa-
tion with sorption and degradation effects.
Reactive transport modelling is an essential tool for analysing
coupled physical, chemical and biological processes [34]. The ﬁrst
reactive transport studies were published in the mid-eighties by
Lichtner [35]. A number of reactive transport models were later
proposed [36–39].
To the best of the authors’ knowledge, only two biogrout trans-
port models have been presented in the literature. Martinez et al.
[10] proposed a microbially mediated calcite precipitation model,
which they built into a numerical simulation program for the chem-
ically reactive ﬂow of multiphase ﬂuids in porous media (THOUGH-
REACT). They incorporated a comprehensive reaction network
created in a computer program for speciation, batch-reaction,
one-dimensional transport and inverse geochemical calculations
(PHREEQCII) into the transport simulator. The model included and
dissolution/exsolution, kinetic calcite mineral precipitation/disso-
lution and ureolysis. The transport of bacteria was not considered,
and the initial concentration of the urease component was esti-
mated by optimising the TOUGHREACT model with UCODE using
pH data from batch experiments. A biogrout model was recently
proposed by van Wijngaarden et al. [11]. A perfectly miscible ﬂuid
with variable porosity, permeability and density was considered.
An overall biogrout reaction consisting of instantaneous sorption
and precipitation was assumed. Bacteria were not considered in
the model, but the catalysing ability of the bacteria was mimicked
by a linearly decreasing, homogeneous urease activity included in
the reaction rate. A rigid body was considered in the model.
The state-of-the-art modelling of MICP-treated soils reveals the
scarcity of appropriate modelling tools. Furthermore, most existing
models do not address the mechanical issues and the double-way
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couplings between the mechanics and the bio-chemo-hydraulics.
Thus, a comprehensive, bio-chemo-hydro-mechanical (BCHM),
conceptual, mathematical model that is able to realistically predict
the involved processes and the overall system response is needed.
3. Theoretical framework
3.1. System deﬁnition
In the considered problem, the porous medium is assumed to be
fully saturated with one ﬂuid phase. The injected bacteria are ex-
pected to stay suspended in the ﬂuid phase or adsorb onto the min-
erals of the solid matrix. Similarly, the chemical reactants (urea
and calcium, which will be considered a single species with an
equivalent molar mass because they are assumed to be injected
equimolarly and react equimolarly) can be either solute or sorbed.
The ammonium can also exist in both phases. The calcite is as-
sumed to instantaneously attach to the solid matrix upon the pre-
cipitation and is therefore not present in the ﬂuid phase. The
Representative Elementary Volume (REV) of the considered system
is thus composed of the following components (shown in Fig. 1):
 The solid phase denoted by subscript s contains ﬁve compo-
nents denoted by subscripts: solid grains (g), sorbed bacteria
(b), sorbed urea/calcium (r), sorbed ammonium (p) and calcite
(c).
 The ﬂuid phase denoted by subscript f contains four compo-
nents by a subscript: pore water (w), solute bacteria (b), solute
urea/calcium (r) and solute ammonium (p).
3.2. Considered processes
With respect to the existing models listed in Section 2.3, the
proposed BCHM model consists in a uniﬁed system of equations
that allows all of the major processes involved in MICP described
in Section 2.1 to be considered. The following bio-chemo-hydro-
mechanical mechanisms and their couplings, which are summa-
rised in Fig. 2, are taken into account:
 Mechanisms governing the ﬂow of the ﬂuid phase: the advec-
tive ﬂow, the porosity and the permeability changes due to
the mechanical stress, the bacterial accumulation on the solid
grains and the calcite precipitation and the ﬂuid phase density
changes due to the changing ﬂuid composition.
 Mechanisms governing the equilibrium of the mixture: the
stress–strain relationship, the effective stress changes due to
the changing ﬂuid pressure ﬁelds, the stiffness changes due to
the chemical cementation of the soil matrix and the solid phase
density changes due to the changing solid phase composition.
 Mechanisms governing the transport of the components: the
advection, the diffusion, the dispersion, the sorption, the bacte-
rial decay in both of the phases, the advective ﬂux changes due
to the changing ﬂuid pressure ﬁelds, the biologically catalysed
chemical reaction responsible for the consumption of urea/cal-
cium and the production of ammonium, the porosity changes
due to the mechanical stress, the bacterial accumulation on
the solid grains and the calcite precipitation.
4. Mathematical model
4.1. Balance equations
Because the velocity distribution within the ﬂuid phase is
needed as input information for the component transport problem
and the bio-chemo-hydro-mechanical couplings are taken into ac-
count, the mass balance of the ﬂuid and solid phases carrying the
bacteria and the chemical components and the momentum bal-
ance of the mixture are needed. Thus, the balance equations re-
quired in the development of the model are as follows:
 Solid phase and ﬂuid phase mass balance to evaluate the poros-
ity changes and the velocity distribution through a ﬂow
equation.
 Mixture momentum balance.
 Component mass balance to derive the transport equations.
Fig. 1. Phases, components and species.
Fig. 2. BCHM mechanisms and their couplings.
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In light of the required balance equations, the compositional ap-
proach [40] is appropriate. First, the balance of each component is
expressed referring to the assumptions listed in the appendix, from
which all of the necessary equations are derived.
The general balance equation of an extensive quantity E of den-
sity e within a control domain U (where S is the area of the surface
that is bonding it) can be expressed by the following [12]:
where ha is the volume fraction of phase a; V is the phase velocity;
jEU is the diffusive ﬂux of E deﬁned as jEU = ea(VE  V); u is the sur-
face velocity; m is the outward normal unit vector on Sab; Rab is the
speciﬁc area of surface Sab; and q is the mass density and CEis the
rate of production of E per unit mass of the phase. The volumetric
intrinsic phase density ea is deﬁned as ea ¼ 1U0a
R
U0
edU. The devia-
tion of a quantity e^ with respect to its intrinsic phase average is ex-
pressed as e^ ¼ e ea and the surface average eab is deﬁned as
follows eab ¼ 1Sab
R
Sab
edS.
The contributions to the general balance equations (Eq. (3)) are
as follows:
(1) Rate of increase in E in the phase (per unit volume of porous
media).
(2) Net inﬂux of E by averaged advection (per unit volume of
porous media).
(3) Net inﬂux of E by averaged dispersion (per unit volume of
porous media).
(4) Net inﬂux of E by averaged diffusion (per unit volume of por-
ous media).
(5) Net inﬂux of E through the interface surface Sab of the phase
by advection with respect to the (possibly moving) Sab sur-
face (per unit volume of porous media).
(6) Net inﬂux of E through the interface surface Sab of the phase
by diffusion with respect to the (possibly moving) Sab sur-
face (per unit volume of porous media).
(7) Net rate of production of E generated by sources of E (per
unit volume of porous media).
4.1.1. Mass balance
Before developing the mass balance equations for all of the sys-
tem components, the macroscopical mass balance equation of a
component, where E ¼ mc; e ¼ qmc  qc; jEU ¼ jmc  jc and
CE ¼ Cmc , is shown below in a more concise form [12]:
@
@t
ðhaqcaÞ ¼ $  ha qcaVa þ jca
 Kcab þXca; ð4Þ
where jca ¼ q^c bV a þ jca is the hydrodynamic dispersion ﬂux deﬁned
as the sum of the dispersive and the diffusive ﬂuxes,
Kcab ¼ ðqcðV  uÞ þ jcÞ  vabRab is the net inﬂux of component c into
phase a and Xca ¼ hqCm
c a is the net production rate of component c
within phase a.
Mass balance of the solid phase. In the solid phase, the compo-
nents remain physically separated, and local volume fractions can
be used to deﬁne the volumetric phase average of density
qca ¼ jcaqc where jca is the local volume fraction of component c
within phase a and qc is the intrinsic density of component c.
However, assumption AB4 states that the volumes of sorbed
urea/calcium and sorbed ammonium are negligible with respect
to the volume of calcite. Thus, molar concentrations can be used
to describe these components.
The mass balance for all of the solid phase components yield the
following equations for the solid grains, the sorbed bacteria, the
calcite, the sorbed calcium/urea and the sorbed ammonium,
respectively:
@
@t
ðð1 nÞð1 jbs  jcsÞqgÞ ¼ $  ðð1 nÞð1 jbs  jcsÞðqgV sÞÞ ð5Þ
@
@t
ðð1 nÞlbB0qbÞ ¼ $  ðð1 nÞlbB0qbV sÞ Kbsf þXbs ð6Þ
@
@t
ð1 nÞ 1
qc
mcC 0qc
 
¼ $  ð1 nÞ 1
qc
mcC 0qcV s
 
þXcs ð7Þ
@
@t
ðð1 nÞmrR0Þ ¼ $  ðð1 nÞðmrR0V sÞÞ Krsf ð8Þ
@
@t
ðð1 nÞmpP0Þ ¼ $  ðð1 nÞmpP0V sÞ Kpsf ; ð9Þ
where n is the porosity; jbs and jcs are the local volume fraction of
bacteria and calcite within the solid phase, respectively; qg, qb
and qc are the densities of the solid grains, the bacteria and the cal-
cite [kg/m3], respectively; Vs is the solid phase velocity; lb is the
volume of a bacterial cell; B0 is the number of bacterial cells per so-
lid phase volume; mc, mr and mp are the molar masses of calcite,
urea/calcium and ammonium, respectively; C0, R0 and P0 are the mo-
lar concentrations per solid phase volume of calcite, urea/calcium
and ammonium, respectively; and mr is the molar mass of the
chemical reactants.
Combining all of the mass balance equations of the solid phase
components (Eqs. 5, 8, 9) yields the mass balance of the solid phase
(according to the compositional approach). By considering
assumption AB6, which is related to the negligible contribution
of the net inﬂux of the chemical species to the overall solid phase
mass balance, the solid phase mass balance yields:
@
@t
ðð1 nÞqsÞ ¼ $  ðð1 nÞqsV sÞ Kbsf þXbs þXcs ; ð10Þ
where the solid phase density qs is deﬁned as
qs ¼ ð1 lbB0  1qc mcC0Þ þ lbB0qb þ 1qc mcC0qc .
Mass balance of the ﬂuid phase. The ﬂuid is assumed to be a
perfectly miscible ﬂuid (assumption AB5). Thus, the local volume
fractions are not necessary when describing the volumetric com-
position of the phase. The suspended components are described
in terms of the volumetric mass or the molarity of the ﬂuid
phase.
The mass balance for all of the ﬂuid phase components yields
the following equations for the pore water, the solute bacteria,
the solute calcium/urea and the solute ammonium, respectively:
@
@t
ðnqwÞ ¼ $  ðnðqwV f ÞÞ ð11Þ
@
@t
ðnlbBqbÞ ¼ $  nðlbBqbV f þ jbf Þ
 
Kbfs þXbf ð12Þ
@
@t
ðnmrRÞ ¼ $  n mrRV f þ jrf
  
Krfs þXrf ð13Þ
@
@t
ðnmpPÞ ¼ $  n mpPV f þ jpf
  
Kpfs þXpf ; ð14Þ
ð3Þ
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where B is the number of bacterial cells per ﬂuid phase volume, and
R and P are the molar concentrations per ﬂuid phase volume of
urea/calcium and ammonium, respectively.
The mass balance of the ﬂuid phase composed of pore water,
bacteria and chemical species, obtained by combining the mass
balance equations of the ﬂuid phase components (Eqs. (11)–(14)),
neglecting the dispersive and the diffusive mass ﬂuxes (assump-
tion AB7), considering that the ﬂuid volume remains constant over
the entire domain upon reaction (assumption AB5) and neglecting
the net inﬂux of chemical species for the ﬂuid phase (assumption
AB6), is shown below:
@
@t
ðnqf Þ ¼ $  ðnqfV f Þ Kbfs þXbf þXrf þXpf ; ð15Þ
where the ﬂuid phase density qf is deﬁned as
qf = qw + #bB +mrR +mpP.
4.1.2. Momentum balance
The momentum balance is expressed for the entire mixture by
summing the phase momentum balance over the two phases
according to the compositional approach. When dealing with
either strain in porous medium or the transport of extensive quan-
tities in a deformable porous medium, we need to refer to the
stress in the porous medium as a whole [41]. This stress is obtained
by writing the global momentum balance with the Terzaghi effec-
tive stress principle [18].
The macroscopical linear momentum of a phase is rewritten
more concisely below according to assumptions AB3, AB6, AB7
and AB9, with E =mVm, e = qVm, jEU = jMm = r and CE = F:
0 ¼ r  hara KMab þXMa ; ð16Þ
where ra = jMm = qVm(VM  Vm) is the diffusive ﬂux of momen-
tum (ra is the stress tensor of phase aÞ;KMab ¼ r  mabRab is the
net inﬂux of the linear momentum in phase a, and
XMa ¼ haqCMa ¼ haqaFa is the net rate of production of momentum
in phase a (Fa are the body forces acting on the phase).
Momentum balance of the mixture. The momentum balance
of the solid and the ﬂuid phases yield:
0 ¼ r  ðð1 nÞrsÞ KMsf þ ð1 nÞqsFs ð17Þ
0 ¼ r  ðnrf Þ KMfs þ nqfF f ; ð18Þ
where rs and rf are the stresses of the solid and the ﬂuid phases,
respectively, and Fs and Ff are the body forces acting on the solid
and the ﬂuid phases, respectively.
By summing the momentum balances of the solid and the ﬂuid
phases, the following momentum balance of the porous medium is
obtained:
r  rþ qF ¼ 0; ð19Þ
where r = (1  n)rs + nrf deﬁnes the volume-averaged stress or the
total stress, and qF = (1  n)qsFs + nqfFf deﬁnes the total body force
per unit volume of porous medium at a macroscopic point [12].
4.2. Constitutive equations
The constitutive conditions link the dependent variables and
the unknowns. However, these additional equations depend on
the speciﬁc nature of each phase and its components. This implies
a two-way coupling within the ﬁeld equations between the bal-
ance equations and the constitutive equations.
4.2.1. Advective ﬂuxes
Because the injected bacteria and the chemical solution are as-
sumed to be perfectly miscible with the pore water, the single ﬂuid
velocity governs all of their velocities. It is also assumed that the
ﬂuid pressure is not dependent on the concentrations. The relative
ﬂuid–solid velocity is assumed to be governed by the generalised
Darcy’s law (assumption AC1) shown below:
nV r ¼ nðV f  V sÞ ¼ Kð$pf þ qfgÞ; ð20Þ
where K is the kinematic permeability deﬁned as K = k/l, in which k
is the intrinsic permeability and l is the dynamic viscosity.
The intrinsic permeability k is considered to be dependent on
the porosity following the Kozeny-Karman formulation shown be-
low [12]:
k ¼ C0 n
a
ð1 nÞb
; ð21Þ
where C0, a and b are material parameters.
4.2.2. Non-advective ﬂuxes
Because both the diffusive and the dispersive ﬂuxes are propor-
tional to the density gradient, the two ﬂuxes are typically com-
bined to deﬁne one single ﬂux, which is referred to as the ﬂux of
hydrodynamic dispersion [12]. This ﬂux is expressed by the macro-
scopic Fick’s law (assumption AC2) as follows in isotropic condi-
tions according to [16,12]:
jchf ¼ q^c bV f þ jcf ¼ Dcf  $qcf Dc  $qcf ¼ Dchf  $qcf ; ð22Þ
where Dcf is the coefﬁcient of mechanical dispersion of component c
expressed by Dcf ¼ acfL  acfT
 
ðV f  V f Þ=jV f j þ acfT jV f jI (where acfL and
acfT are the longitudinal and the transversal dispersion coefﬁcients,
respectively),Dc is the coefﬁcient of molecular diffusion of compo-
nent c expressed byDc ¼ DcT (where Dc is the molecular diffusion
coefﬁcient) and Dchf ¼ Dcf þDc is the coefﬁcient of hydrodynamic
dispersion of component c.
4.2.3. Net inﬂux
Ref. [42] proposed that sufﬁciently fast and reversible reactions
could be distinguished from insufﬁciently fast and/or irreversible
reactions. For the ﬁrst class of reactions, local equilibrium can be
assumed mathematically (i.e., the reaction is assumed to reach
equilibrium within the residence times characterising the trans-
port regime). For the second class of reactions, a kinetic modelling
approach is required to accurately describe the process.
Sorption/desorption of bacteria. In this model, the sorption of
bacterial species is assumed to obey a ﬁrst-order kinetic irrevers-
ible reaction (assumption AC3). It is assumed that the reversible
adsorption is negligible with respect to the irreversible component.
Under these assumptions, the rate of change of the bacterial con-
centration in either phase can be described as follows:
Kbfs ¼ Kbsf ¼ kbattn#bB; ð23Þ
where kbatt is the bacterial attachment rate.
Sorption/desorption of chemical species. The equilibrium ap-
proach can be considered satisfactory for modelling the adsorption
of chemical species (assumption AC6) because there is a deliber-
ately low injection rate during MICP to avoid ﬂushing out the
reacting species before the precipitation is effective. Considering
that a precipitation reaction is typically slower than sorption, the
latter can be considered instantaneous. The rate of chemical con-
centration change due to reversible sorption in either phase can
be described as follows:
Krfs ¼ Krsf ¼ krattnmrR krdetð1 nÞmrR0; Kpfs ¼ Kpsf
¼ kpattnmpP  kpdetð1 nÞmpP0; ð24Þ
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where kratt and k
p
att are the attachment rates of urea/calcium and
ammonium, respectively, and krdet and k
p
det are the detachment rates
of urea/calcium and ammonium, respectively.
Furthermore, considering that equilibrium between the sorbed
and the solute chemical components is reached instantaneously
at the time scale of the problem, the sorbed and the solute chem-
ical species components can be linked together through the parti-
tioning coefﬁcients shown below:
R0 ¼ Krd
n
ð1 nÞR; P
0 ¼ Kpd
n
ð1 nÞ P; ð25Þ
where Krd ¼ kratt=krdet and Kpd ¼ kpatt=kpdet are the partitioning coefﬁ-
cients of urea/calcium and ammonium, respectively.
4.2.4. Net production rate
Decay of bacteria. The net production rate of bacteria results
from the decay or the degradation phenomena of bacteria as no
growth is considered in the system (assumptions AC4 and AC5).
The ﬁrst-order, irreversible reaction of bacterial decay according
to [22] is shown below:
Xbs ¼ kbdð1 nÞ#bB0; Xbf ¼ kbdn#bB; ð26Þ
where kbd is the bacterial decay rate in both solid and the ﬂuid
phases.
Biologically catalysed chemical reaction. The chemical equi-
librium conﬁguration of the system is parameterised through an
overall reaction progress variable or rate (assumption AC7). As de-
scribed in Section 2.1, the overall biogrout reaction is actually com-
posed of several chemical processes (hydrolysis, acid–base
equilibria and precipitation), and precipitation depends on at least
two processes (nucleation and crystal growth), all of which obey
different kinetics. However, van Paassen [7] proposed a simple sin-
gle reaction approach which was demonstrated to yield similar
accuracy of the predicted concentration of the main compounds
with respect to experimental ﬁndings as more complex models
which considers acid–base equilibria and precipitation kinetics.
In such an approach, the overall biogrout reaction can be modelled
as a ﬁrst-order irreversible kinetic reaction. As shown below, the
urea/calcium and the ammonium in the ﬂuid phase (assumption
AC8) and the calcite mass balance equations are inﬂuenced by
the overall biogrout reaction:
Xcs ¼ kreanmc; Xrf ¼ kreanmr ; Xpf ¼ 2kreanmp; ð27Þ
where krea is the overall reaction rate deﬁned as the number of mo-
les reacting per unit volume of the ﬂuid phase per unit second, i.e.
[mol/m3.s] (the adsorption, the desorption and the decay rates are
deﬁned per unit time [s1]).
The reaction rate krea is likely to decrease throughout the pro-
cess due to e.g. consumption of reactants, decay of bacteria, and
encapsulation of bacteria in calcite crystals. The urea depletion ef-
fect follows Michaelis–Menten kinetics as proposed in [7]. The
expression shown below is considered based on the experimental
observations of [7,11] assuming a constant surface area. The
decreasing activity of the bacteria over time is represented by
the latter term of the following empirical equation:
krea ¼ U RKm þ R exp 
t
td
 
; ð28Þ
where U is the initial maximum rate or the urease activity; Km is the
half saturation constant (i.e., the concentration at which the rate is
reduced by 50%); t and td are the time and the exponential time con-
stant, respectively, at which the urease activity has been reduced by
a factor e = 2.71828.
Both the attached bacteria B0 and the suspended bacteria B are
sources of urease activity (assumption AC9). The initial speciﬁc
urease activity is an experimentally determined parameter for
the injected bacteria usp. U is the initial urease activity, which is
composed of the initial speciﬁc urease activity and the cell density
as shown below:
U ¼ ð1 nÞ
n
uspB
0 þ uspB ð29Þ
4.2.5. Stress–strain relationship
The elasticmechanical constitutivemodelwill be presentedwith
the stress invariants mean effective stress p0 ¼ 13 ðr0x þ r0y þ r0zÞ and
deviatoric stress q ¼ r0x  r0z. The associated strains are the volu-
metric strain ev = (ex + ey + ez) and the deviatoric strain
ed ¼ 23 ðex  ezÞ. The adopted stress–strain relationship is an elastic
one. An elaborate bio-chemo-mechanical constitutive model is pro-
posed in Fauriel and Laloui [13] and could replace the elastic model
for a better description of the mechanical response.
The volumetric dev and the deviatoric ded components of the
elastic strain increment are given by:
deev ¼
dp0
K
; deed ¼
dq
3G
; ð30Þ
where K is the bulk elastic modulus and G is the shear elastic
modulus.
The relationships given in incremental volumetric and deviator-
ic forms can also be given in a matricial incremental form, which
relates the stress tensor increment to the strain rate tensor, as
shown below:
dr0 ¼ De : dee  dee0
 
; ð31Þ
where De is the elastic tensor.
The non-linear bulk and shear elastic moduli are given by:
KC0 ¼ Kref
p0
pref
 !ne
; GC0 ¼ Gref
p0
pref
 !ne
; ð32Þ
where Kref is the bulk elastic modulus at a reference pressure, Gref is
the shear elastic modulus at a reference pressure pref and ne is a
material constant. The two elastic moduli are linked together
through Poisson’s ratio m; G ¼ 3ð12mÞ2ð1þmÞ K .
The elastic moduli are affected by both the conﬁning pressure
and the bacterially catalysed precipitation of calcite. Al Qabany
et al. [8] established a linear relationship between the calcite con-
tent and the shear wave velocity. The researchers determined a
strong correlation between the two variables and proposed the
general empirical correlation shown below:
vS ¼ 152þ 9:7bC 0 ¼ 152þ 9:7mcC 0; ð33Þ
where vs is the shear wave velocity [m/s] and bC 0 the mass of calcite
per unit volume of the solid phase [kg/m3].
In this model, the increase in shear wave velocity due to calcite
precipitation will be taken from the linear portion of the correla-
tion of Al Qabany et al. [8]. As shown below, the shear wave veloc-
ity increase can be translated into a change in the shear elastic
modulus through its dependence on the shear wave velocity
G ¼ qdv2s , where qd is the soil density, and the bulk elastic modulus
can be estimated by assuming that the Poisson’s ratio is constant
upon cementation:
GC ¼ 1þ 9:7152m
cC0
 2
GC0 ; KC ¼ 1þ
9:7
152
mcC 0
 2
KC0 ; ð34Þ
4.2.6. Fluid phase state equation
The ﬂuid phase density is dependent upon its composition
according to the relationship below:
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qf ¼ qw þ #bBþmrRþmpP ð35Þ
However, the water density is dependent on the pressure and
the temperature. Assuming a barotropic ﬂuid (assumption AC10),
the ﬂuid phase state equation can be expressed as:
qf ¼ qf ðpf ;B;R; PÞ: ð36Þ
Differentiating the above equation yields:
dqf ¼
@qf
@pf jB;R;P
dpf þ
@qf
@Bjpf ;R;P
dBþ @qf
@Rjpf ;B;P
dRþ @qf
@Pjpf ;B;R
dP
¼ ðbpcdpf þ bbdBþ brdRþ bpdPÞqf ; ð37Þ
where bf is the coefﬁcient of compressibility of the ﬂuid phase at
constant concentrations, and bb, br and bp are the coefﬁcients of con-
centration of the ﬂuid phase at a constant ﬂuid pressure deﬁning
the variation of the ﬂuid phase density due to varying
concentrations.
The effect of the composition on the ﬂuid viscosity is assumed
to be negligible.
4.3. Field equations
The ﬁeld equations are obtained by combining the mass balance
equations and introducing the related constitutive equations. The
balance equations can only be solved if the related constitutive
equations are speciﬁed. Conversely, the coefﬁcients of the constitu-
tive equations may depend on the primary unknowns. Thus, there
is a two-way coupling between the balance equations and the con-
stitutive equations.
4.3.1. Flow equation
Combining the mass balance of the ﬂuid phase (Eq. (15)) with
the Eqs. (23), (26) and (27) yields:
@
@t
ðnqf Þ ¼ $  ðnqfV f Þ  kbattn#bB kdn#bB kreanmr
þ 2kreanmp: ð38Þ
The porosity variation can be eliminated from the above equa-
tion by considering the solid phase mass balance. In this manner, a
coupling between the solid deformation and the bio-chemical pro-
cesses and the ﬂow is introduced. The mass balance of the solid
phase (Eq. (10)) completed by the relevant constitutive relations
expressed by Eqs. (23), (26) and (27), yields:
@
@t
ðð1 nÞqsÞ ¼ $  ðð1 nÞqsV sÞ þ kbattn#bB kbdð1
 nÞ#bB0 þ kreanmc: ð39Þ
The changes in porosity are due to the solid deformation and
changes in the solid phase density and the volume upon ﬁltration
of bacteria and calcite onto the solid grains. In the above equation,
all of the contributions can be clearly identiﬁed.
By considering that porosity does not vary in space in the REV,
the porosity variation in time obtained by developing the mass bal-
ance of the solid phase (Eq. (39)) can be introduced into the devel-
oped ﬂuid phase mass balance (Eq. (38)), along with Darcy’s law
and the state equations of the phase densities. The relationship
$  V s ¼ mTL@us=@t is also considered:
mTL
@us
@t
 $  ðKð$pf þ qfgÞÞ þ nbpf
@pf
@t
¼ nbc
@Ac
@t
ð1 nÞ  1
qs
@qs
@B0
@B0
@t
 ð1 nÞ 1
qs
@qs
@C 0
@C 0
@t
 1
qf
 1
qs
 !
kbattn#
bB 1
qf
nBþ 1
qs
ð1 nÞB0
 !
kbd#
b
 1
qf
ðmr  2mpÞ  1
qs
mc
 !
krean ð40Þ
where
LT ¼
@
@x 0 0 0
@
@z
@
@y
0 @
@y 0
@
@z 0
@
@x
0 0 @
@z
@
@y
@
@x 0
26664
37775:
4.3.2. Equilibrium equation
According to the effective stress principle of Terzaghi [43], the
effective stress r0 is deﬁned as the sum of the ﬂuid pressure and
the stress in the solid phase and can be expressed as:
r0 ¼ ð1 nÞðrs þmpf Þ ¼ ð1 nÞrs þ ð1 nÞmpf ; ð41Þ
where pf is the ﬂuid phase pressure,m = [1,1,1,0,0,0]T and r0 is the
effective stress tensor.
The volume-averaged stress or the total stress as deﬁned in Sec-
tion 4.1.2 can be rewritten using the above effective stress deﬁni-
tion as r = (1  n)rs  nmpf = r0 mpf. By combining Eq. (19) and
the expression for total stress and neglecting the external forces
in the expression for the total body force (F = g + t), the following
expression is obtained using the differential operator L given for
strains for the divergence of the array of stresses:
LTðr0 mpf Þ þ qg ¼ 0: ð42Þ
4.3.3. Transport equations
The following equations are obtained for the mass balance of
the attached components of the bacteria and calcite by introducing
the constitutive expressions of the net inﬂux (Eq. (23)) and the net
production rate (Eqs. (26) and (27)) into the component mass con-
servation (Eqs. (6) and (7)):
@B0
@t
¼ $ðB0Þ  V s  B
0
ð1 nÞr  ðð1 nÞV sÞ þ
B0
ð1 nÞ
@n
@t
þ kbatt
n
ð1 nÞB k
b
dB
0 ð43Þ
@C 0
@t
¼ $ðC 0Þ  V s  C
0
ð1 nÞr  ðð1 nÞV sÞ þ
C0
ð1 nÞ
@n
@t
þ krean: ð44Þ
Assuming that the solid skeleton deformation is such that
j@B0=@tj  j$ðB0Þ  V sj and j@C=@tj  j$ðCÞ  V sj and introducing
the expression for the variation in the porosity (Eq. (9)) and
Darcy’s law (Eq. (20)), the following transport equations are
obtained:
@B0
@t
¼ 1
qs
dsqs
dt
þ 1
qs
kbatt
n
ð1 nÞ#
bBþ kd#bB0  krea nð1 nÞm
c
  	
B0
þ kbatt
n
ð1 nÞB k
b
dB
0 ð45Þ
@C 0
@t
¼ 1
qs
dsqs
dt
þ 1
qs
kbatt
n
ð1 nÞ#
bBþ kd#bB0  krea nð1 nÞm
c
  	
C 0
þ krean: ð46Þ
The term in brackets is the porosity variation effect, which will
induce a change in the sorbed concentrations as they are deﬁned
per unit volume of the solid phase. The other terms relate to the ﬁl-
tration and are also present in the ﬂow equation; these terms ex-
press the effective concentration changes in terms of the species
mass variations.
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Combining the mass balance equation of the suspended bacte-
ria (Eq. (12)) with the relevant constitutive expressions (Eqs. (23)
and (27)) yields the following equation:
@B
@t
¼ $ðBÞ  V s  1nBr  ðnV sÞ 
1
n
$  ðnBV r  nDbhfrBÞ
 B
n
@n
@t
 kbattB kbdB: ð47Þ
Because the solid deformation is such that j@B=@tj  j$ðBÞ  V sj
and j$  ðnBV rÞj  jB$  ðnV sÞj, introducing both the expression for
the variation of porosity (Eq. (39)) and Darcy’s law (Eq. (20)) into
the previous expression yields the following transport equation
for the bacteria within the ﬂuid phase:
@B
@t
¼ 1
n
$  ðBKð$pf þ qf gÞ  nDbhf$BÞ
 1
n
$  ðð1 nÞV sÞ þ ð1 nÞn
1
qs
dsqs
dt

þ 1
qs
kbatt#bBþ kd
ð1 nÞ
n
#bB0  kreamc
 	
B kbattB kbdB: ð48Þ
With the assumption of a linear equilibrium isotherm, the only
unknown is the concentration of the solute component. The ex-
change terms among components of these species are cancelled
out from the overall mass balance equation of the species by com-
bining the component mass balance equations and introducing the
constitutive expressions. For urea/calcium (Eqs. (8) and (13)) and
ammonium (Eqs. (9) and (14)), the species mass balance yields:
ð1þ KrdÞ
@R
@t
¼ ð1þ KrdÞ$R  V s  ð1þ KrdÞR$  ðnV sÞ
 1
n
$  ðRKð$pf þ qfgÞ  nDrhf$RÞ
 ð1þ KrdÞ
R
n
@n
@t
 krea; ð49Þ
ð1þ KpdÞ
@P
@t
¼ ð1þ KpdÞ$P  V s  ð1þ KpdÞP$  ðnV sÞ
 1
n
$  ðPKð$pf þ qfgÞ  nDphf$PÞ
 ð1þ KpdÞ
P
n
@n
@t
þ 2krea: ð50Þ
Considering j@R=@tj  j$R  V sj; j@P=@tj  j$P  V sj; j$  ðnRV rÞj
 jð1þ KrdÞR$  ðnV sÞj and j$  ðnPV rÞj  jð1þ KpdÞP$  ðnV sÞj and
Eqs. (39) and (20), the ﬁnal transport equations for urea/calcium
and ammonium are:
ð1þ KrdÞ
@R
@t
¼ 1
n
$  ðRKð$pf þ qfgÞ  nDrhf$RÞ  ½
1
n
r  ðð1
 nÞV sÞ þ ð1 nÞn
1
qs
dsqs
dt
þ 1
qs
kbatt#bBþ kd
ð1 nÞ
n
#bB0  kreamc
 
ð1
þ KrdÞR krea; ð51Þ
ð1þ KpdÞ
@P
@t
¼ 1
n
$  PKð$pf þ qfgÞ  nDphf$P
 
 ½1
n
$
 ðð1 nÞVsÞ þ ð1 nÞn
1
qs
dsqs
dt
þ 1
qs
kbatt#bBþ kd
ð1 nÞ
n
#bB0  kreamc
 
ð1
þ KpdÞP þ 2krea: ð52Þ
4.3.4. Final formulation
Under the previous considerations, the system of ﬁeld equa-
tions composed of Eqs. 40, 42, 45, 46, 48, 51 and 52 is written in
terms of the seven primary unknowns: the pore pressure (pf), the
solid displacement tensor (us), the adsorbed bacteria concentration
(B0), the calcite concentration (C0), the suspended bacteria concen-
tration (B), the suspended urea/calcium concentration (R) and the
suspended ammonium concentration (P). This system represents
the coupled bio-chemo-hydro-mechanical formulation of the
two-phase model for MICP-treated porous media.
5. Numerical integration
In the ﬁnal system, the conventional hydro-mechanical cou-
pling is supplemented by bio-chemo-mechanical, bio-chemo-
hydraulic and bio-chemical couplings. The ﬁnite element code
used to implement the equations is LAGAMINE, which was devel-
oped at the University of Liège [44,45]. Elements treating the con-
ventional hydro-mechanical couplings (MWAT) and elements
dealing with one-species non-reactive pollutant transport (ADVEC)
are already implemented in LAGAMINE. However, the coupling be-
tween the two existing element types is a one-way coupling as the
porosity and the ﬂow are unaffected by the pollutant transport.
The challenges to face in the integration of the BCHM model are
as follows:
 The problem is highly coupled.
 The involved couplings are mainly two-way couplings.
 Additional degrees of freedom are needed to accommodate
multispecies transport.
5.1. Couplings involved in the problem
Two-way couplings imply that the time response of the subsys-
tems must be evaluated concurrently. Two-way couplings exist be-
tween the four subsystems (the ﬂow problem H, the mechanical
problem M, the biological transport problem B and the chemical
transport problem C) which have been pragmatically deﬁned in
the mathematical model. The couplings between the primary vari-
ables result in the deﬁnitions of new subsystems that will be the
basis of the numerical treatment.
The ﬁrst subsystem is the hydro-mechanical HM subsystem in
which the couplings are assumed to be strong. Thus, the subsystem
HM should be treated with a monolithic approach (this will not be
further discussed in this paper, but details can be found in [44,45]).
The second subsystem is the bio-chemical BC subsystem in which
Fig. 3. Numerical couplings.
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the equations are decoupled. The transport equations will there-
fore be solved sequentially within subsystem BC. Finally, the two
subsystems will be solved sequentially in a staggered approach.
The global resolution approach is illustrated in Fig. 3.
5.2. Spatial and temporal discretisation
The ﬁnite element formulation of the problem is obtained by
multiplying the strong form of the ﬁeld equations by a weighting
functionWj and integrating over the entire domain. The unknowns
of each weighted equation are spatially and temporally discretised
by means of shape functions Nxj , temporal functions N
t
j and the val-
ues of the unknowns at the nodes. In the standard Bubnov-Galer-
kin methods, the original shape functions are used as weighting
(i.e.,Wxj ¼ Nxj ). This method is applied for the ﬂow and the equilib-
rium equations. Since the late seventies, an alternative family of
methods has been developed to overcome the problem of spatial
instabilities encountered in advection-dominated advection–diffu-
sion problems. These methods, referred to as the Petrov–Galerkin
methods, are based on the use of speciﬁc weighting functions
W j ¼ Nxj þ F j, which add a discontinuous upwind function Fj to
the continuous shape functions Nxj giving more importance to the
neighbouring elements that are upstream with respect to the
advection velocity. This method is applied to the transport equa-
tions of subsystem BC. The weak form of the problem obtained is
an approximation to the integral statement of the problem and re-
sults in a set of simultaneous algebraic equations for the un-
knowns. This ﬁnal integral system can be transformed into a sum
by means of the Gauss quadrature, which approximates the deﬁ-
nite integral of a function stated as a weighted sum of the function
Fig. 5. Loading sequence.
Fig. 4. Schematic representation of the modelled case: a. the hydro-bacterial and
the hydro-chemical injections and the mechanical loading phases, b. the rinsing
phase and c. the setting phases.
Table 1
Material parameters used in the modelling.
Mechanical parameters
Kref, Gref, pref, ne, qg [MPa], [MPa], [MPa], [–], [kg/m3] 100, 75, 1, 1, 2600
Hydraulic parameters
n0, qw, lw, 1/vf, [–], [kg/m3], [Pas], [MPa], 0.4, 1000, 1 	 103, 5 	 104,
k0, a, b [m2], [–], [–] 2 	 1012, 3, 2
Biological parameters
usp, td, bb, lb [kmol/m3sOD], [s], [kg/m3OD], [m3/OD] 2 	 105, 28,800, 0, 0
abfT ; a
b
fL; D
b , [m], [m], [m
2/s], 1 	 103, 2 	 103, 2 	 109,
kbatt ; k
b
d
[s1], [s1] 3 	 104, 0
Chemical parameters
Km, br, bp [–], [kg/m3 mol], [kg/m3 mol] 0.01, 0, 0
qc, mc, mr, mp [kg/m3], [g/mol], [g/mol], [g/mol] 1400, 100, 118, 18
arfT ; a
p
fT ; a
r
fL; a
p
fL; D
r ; Dp , [m], [m], [m], [m], [m2/s], [m2/s], 1 	 103, 1 	 103, 2 	 103, 2 	 103, 2 	 109, 2 	 109,
Krd ; K
r
d [–], [–] 1, 1
Note: mr is taken as the sum of the masses of 1 mol of urea, 1 mol of calcium and 2 mol of water. The bacterial concentrations are expressed in the unit OD (the optical density
measured at a wavelength of 600 lm). The same unit is used in the solid phase even though it has no physical meaning.
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Fig. 6. Representation of simulation results: a. representative points at which the time evolutions are taken and b. representative times at which the proﬁles are taken.
Fig. 8. Axial proﬁles of the key bacterial variables: a. the solute bacterial concentration and b. the sorbed bacterial concentration.
Fig. 7. Time evolution of the key bacterial variables: a. the solute bacterial concentration and b. the sorbed bacterial concentration.
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values at speciﬁed points within the integration domain (integra-
tion points). If the meshes used for the HM and the BC problem
are the same, the integration points coincide, and the results of
each problem can be directly used in the other problem. However,
if the meshes are different, the values of the variables of interest
are interpolated according to Biver [33].
The ﬁnal system of algebraic equations that describe the entire
system and are implemented in the ﬁnite element code LAGAMINE
is shown below.
SþhDtH Q T
hDtQ 0
" #
nþh
~pf
~us

 
nþ1
þ 0 0
0 DteP
 	
nþh
¼ Sð1hÞDtH Q
T
ð1hÞDtQ 0
" #
nþh
~pf
~us

 
n
þ Dtf p
Dtf u

 
nþh
Mbþ0:5DtKbþ0:5DtLb 0 0
0 Mrþ0:5DtKpþ0:5DtLr 0
0 0 Mpþ0:5DtKpþ0:5DtLr
264
375
nþheBeReP
8><>:
9>=>;
nþ1
¼
Mb0:5DtKbþ0:5DtLb 0 0
0 Mr0:5DtKpþ0:5DtLr 0
0 0 Mp0:5DtKpþ0:5DtLr
264
375
nþheBeReP
8><>:
9>=>;
n
þ
Dtf b
Dtf r
Dtf p
8><>:
9>=>;
nþh
; ð53Þ
where S is the compressibility matrix; H is the permeability matrix;eP is the internal force vector; Q is the hydro-mechanical coupling
matrix; f pf and f us are the hydro-mechanical force vectors; Mb, Mr
and Mp are the bacterial and the chemical mass matrices; Kb, Kr
and Kp are the bacterial and the chemical stiffness matrices; Lb, Lr
and Lp are bacterial and chemical matrices and fb, fr and fp are the
bacterial and the chemical force vectors.
Two ﬁnite element types are required to solve the equations
based on the ﬁnite element formulation. A new type of element
capable of simultaneously treating three degrees of freedom of
concentration with both an exchange of information and different
transport equation forms is developed. The new ADVEB elements
are superposed to the existing MWAT elements of the ﬁnite ele-
ment code LAGAMINE.
6. Numerical analysis of typical features
6.1. Model description
Model. The geometrical model of the column injection test con-
sists of a vertical straight pipe with a length of 16 cm and a diam-
eter of 6.6 cm (Fig. 4). The discretisation consists of an
axisymmetric, homogeneous mesh composed of the superposed
quadratic MWAT and ADVEB type ﬁnite elements. The soil param-
eters reported in Table 1 are representative of a silty sand and the
transport properties are similar to those usually reported in the
Fig. 9. Time evolution of the key chemical variables: a. the solute urea/calcium concentration, b. the solute ammonium concentration, c. the adsorbed calcite concentration
and d. the overall reaction rate.
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literature. To focus on the main physical processes, minor pro-
cesses have been neglected through the choice of parameters.
The sorption of chemical species is neglected as this mechanism
is assumed to play a minor role in sands and the bacterial attach-
ment rate is considered constant. Furthermore, the decay of the
bacteria is neglected over the time of this experience. Finally, the
ﬂuid density remains constant upon composition changes, so den-
sity driven ﬂow is neglected in this simulation. The boundary con-
ditions are shown in Fig. 4, with applied zero ﬂuxes on the vertical
boundaries. The BCHM initial conditions are assumed to be those
of an undisturbed state. All of the concentrations are null, the pore
water pressure is hydrostatically distributed and a vertical stress of
100 kPa is applied on the top of the column in addition to the grav-
ity loading.
Calculation. The bacteria are injected by a constant ﬂuid ﬂux
imposed at the elements corresponding to the top of the column
into the saturated sand sample. The concentrations of the bacteria
or the urea/calcium are imposed at the corresponding nodes
according to the test procedure. A mechanical loading is applied
to the column after treatment. The gravity loading is considered
in the simulation, and a 100-kPa load is continuously applied to
the top of the column.
The seven steps of the numerical simulation summarised in
Fig. 5 are as follows:
(S1) Initialisation: a 100-kPa mechanical load and the gravity
load are applied at the top of the column.
Fig. 10. Axial proﬁles of the key chemical variables: a. the solute urea/calcium concentration, b. the solute ammonium concentration, c. the adsorbed calcite concentration
and d. the overall reaction rate.
Fig. 11. Axial proﬁles of the solute urea/calcium concentration.
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(S2) Bacterial injection: the bacterial concentration is increased
up to an optical density of 3 OD and held constant for 30
mins; a water ﬂux of 10 ml/min is imposed simultaneously.
(S3) Setting: the system is closed to allow further bacterial
attachment (30 min).
(S4) Chemical injection: the urea/calcium concentration is
increased to 0.5 M and held constant for 5 h; a water ﬂux
of 2 ml/min is imposed simultaneously.
(S5) Setting: the system is closed to allow the chemicals to com-
pletely react (2 h).
(S6) Flushing: the system is rinsed with water to eliminate
remaining solute species (0.5 h).
(S7) Mechanical loading: the vertical load is increased (1.5 h).
Two simulation types are compared to assess the main compet-
ing processes included in the modelling framework: a BCHM non-
reactive simulation and a BCHM reactive simulation.
Results. To assess both the kinetics and the spatial variability of
the processes, time evolutions at representative points and proﬁles
at representative times have been plotted.
The time evolutions of key variables are plotted at four points
distributed along the height of the column. The variables are taken
at 0.92 h, 0.64 h, 0.36 h and 0.08 h, according to Fig. 6a. The proﬁles
of the key variables are calculated at different times. These times
(after 15 min, 30 min, 3.5 h, 6 h, 9.25 h and 10 h) are representative
of the loading steps. The characteristic times are plotted against
the loading sequence in Fig. 6b.
6.2. Simulation results
6.2.1. Bacterial response
Fig. 7a displays the kinetics of the bacterial transport governed,
in this simulation, by advection, hydrodynamic dispersion and
sorption. In the absence of chemicals, the bacterial response is ex-
pected and veriﬁed to be identical in both the reactive and the non-
reactive cases. After the chemical injection (after 1 h), the porosity
changes, the related permeability variations and the solid phase
density changes have an almost negligible effect on the sorbed bac-
terial concentration (due to the ﬂow-driven injection and the small
column height). In Fig. 8a, the axial proﬁles of the solute bacteria
concentration are reported. The spreading of the concentration
front as a result of the bacterial dilution at the front can be ob-
served in the ﬁgure. For a constant attachment rate, the concentra-
tion at the bottom of the column remains lower than the
Fig. 13. Axial proﬁles of the key hydraulic variables: a. the porosity and b. the intrinsic permeability.
Fig. 12. Time evolution of the key hydraulic variables: a. the porosity and b. the intrinsic permeability.
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concentration near the injection point at all times, despite the pro-
gression of the front. A concentration gradient due to sorption ap-
pears to superpose the gradient due to advection. During the
setting phase S3, the ﬂow is prevented. The solute bacteria concen-
tration is then strongly reduced due to the non-compensated sorp-
tion. During the chemical injection S4, the advective transport
resumes and tends to compensate the concentration gradient due
to sorption created during the bacterial injection and the setting
phases S2 and S3, homogenising the concentration throughout
the column. The bacteria simultaneously continue to attach to
the solid surface, accelerating the reduction of the solute bacteria
concentration.
The irreversible sorption of the bacteria (Fig. 7b) results in the
build up of a bacterial concentration in the solid phase at a rate
that is function of the constant attachment rate and the variable
solute bacteria concentration. After the biologically induced chem-
ical porosity changes (1 h), the concentration of adsorbed bacteria
reduces as the mass (or amount) of bacteria remains constant (as
shown in the non-reactive case) and the solid volume increases
(the bacterial concentration in the solid phase is deﬁned per unit
volume of solid volume). The axial proﬁle of adsorbed bacteria
concentration in Fig. 8b reﬂects the solute concentration gradient
formed during the bacterial injection phase S2. The axial proﬁles
corresponding to phase S4 show that the setting phase S3, starting
30 min into the simulation, results in a major increase of the ad-
sorbed bacterial concentration due to sorption in the absence of
advection.
6.2.2. Chemical response
Fig. 9a provides a comparison between the evolution of the con-
centration of solute urea/calcium in the reactive and the non-reac-
tive cases. In the most general case, the chemical transport is
governed by advection, hydrodynamic dispersion, sorption and
reaction. However, sorption of chemicals is neglected in this
simulation. The chemical reaction causes a reduction in the urea/
calcium concentration with respect to that expected in a non-reac-
tive case. In this case, the advective transport tends to balance the
chemical consumption during the injection because there is a Dir-
cihlet’s boundary condition at the top of the column and the rela-
tive kinetics of the processes allow it (i.e., the advective ﬂow rate is
rather high with respect to the reaction rate). Once the injection is
stopped and the drainage is prevented through the bottom during
Fig. 15. Axial proﬁles of the key mechanical variables: a. the axial effective stress and b. the axial strain.
Fig. 14. Time evolution of the key mechanical variables: a. the axial effective stress and b. the axial strain.
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step S5, the molecules are ﬁxed in space, and the evolution of the
number of molecules of urea/calcium over time is uniquely con-
trolled by the reaction rate. This faster concentration decrease
can be observed between 6 and 8 h into the simulation. The con-
centration is additionally affected by the changes in the porosity,
indicating a change in the ﬂuid volume.
As observed for the bacterial transport, the urea/calcium con-
centration in Fig. 10a at the bottom of the column remains lower
than that near the injection point at all times, despite the progres-
sion of the front. As the distance from the inlet increases, the
chemical consumption becomes increasingly important because
the reaction has had more time to progress. A concentration gradi-
ent due to reaction (similar to that due to sorption) superposes to
the gradient due to advection. In this simulation, the latter only ex-
ists until the column is saturated in the non-reactive case (i.e., at
3 h).
Fig. 10 shows the evolution of the axial proﬁle of the solute
ammonium concentration during the chemical injection phase
S4. The shape of the chemical concentration front is deﬁned by
the hydrodynamic dispersion. The position of the front in the
non-reactive case can be analytically veriﬁed because sorption is
not considered for the chemical species. The front can be localised
where R = Rimp/2 = 0.25 kmol/m3, and the ﬂuid velocity is
2.43 	 105 m/s. After 30 min, the front should have reached axial
coordinate 11.62 cm. After 1 h, the front should have reached axial
coordinate 7.13 cm. These simple calculations correspond well
with the numerical front position, demonstrating that the advec-
tive transport process is correctly reproduced.
The solute ammonium (Fig. 9b) is a product of the overall biog-
rout reaction, the rate of which depends on the bacterial concen-
tration, the solute urea/calcium concentration and time. Thus, its
evolution over time can be correlated with the overall reaction rate
and the ﬂuid ﬂow governing its advective transport. During the
ﬂow, the solute ammonium concentration tends to decrease with
respect to its initial high value; this decrease corresponds to the
maximum reaction rate due to the high ﬂow rate. During setting
phase S5, despite a reduced reaction rate, the chemically produced
ammonium is not advected, and the concentration increases signif-
icantly. All of the solute ammonium is ﬂushed out of the column
during the rinsing.
The calcite (Fig. 9c) results from the precipitation following the
overall reaction rate. The calcite concentration is deﬁned per unit
volume of solid phase, which increases with the precipitation
and also affects the concentration. The calcite concentration in-
creases non-linearly according to the non-linear reaction rate
(Fig. 9d). An approximate analytical solution of the calcite precip-
itation can be sought to check the validity of the reactive model.
Approximating linearly the decrease of the reaction rate between
1.2 h (krea = 0.77 	 104 kmol/m3.s) and 8 h (krea = 0.35 	 104 k-
mol/m3 s), the total amount of calcite precipitated at coordinate
0.92 h assuming a mean porosity of 0.3805 (determined in
Fig. 13a) is 84.2 kg/m3. The numerical simulation yields a concen-
tration of 82 kg/m3. The relative error can be attributed to the over-
estimation of the reaction rate by the linear approximation.
The overall reaction rate is plotted against time in Fig. 9d. The
overall reaction rate reaches its maximum at a given point as
soon as the urea/calcium front reaches this point (at the begin-
ning of phase S4). Beyond this point, the decreasing solute bacte-
ria concentration combined with the constitutive time evolution
of the reaction rate causes the rate to decrease to zero during
step S6 upon the ﬂushing of all of the solute components. (see
Fig. 11).
6.2.3. Hydraulic response
Hydraulically, the porosity reduction (Fig. 12a) reduces the per-
meability (Fig. 12b) according to the Kozeny-Karman law. The
mechanical component of the porosity reduction is dominant
during phase S7. However, the main contribution is the chemical
porosity variation during the chemical injection (S4), the setting
phase (S5) and the start of the ﬂushing phase (S6). The rate of
the porosity variation decreases as the overall reaction rate de-
creases. The axial proﬁles of the porosity and the intrinsic perme-
ability in Fig. 16a and b show that the kinetics of the competing
processes involved in MICP result in a non-uniform distribution
of the porosity and the permeability reductions. The boundary con-
ditions and the geometry of the model are also key factors deter-
mining the ﬁnal spatial distribution.
6.2.4. Mechanical response
The bio-chemo-hydraulic coupling changes the pore water
pressure ﬁeld due to the biologically induced calcite precipitation.
These changes are small in this simulation due to the chosen
boundary conditions. The effects on the axial effective stress ﬁeld
are thus negligible (Figs. 14 and 15a).
The bio-chemo-mechanical coupling is more evident in the
mechanical response. The elastic stiffnesses are signiﬁcantly in-
creased, inducing a major reduction in the strains of the reactive
case with respect to those of the non-reactive case (Figs. 14 and
15b). However, the mechanical reinforcement is not uniform
throughout the column.
7. Conclusions
A theoretical and numerical framework for describing the inter-
actions of the competing processes during MICP is presented. The
mathematical formulation of the bio-chemo-hydro-mechanical
model was obtained through a continuum approach by macroscop-
ically expressing the mass conservation of the phases, the linear
momentum conservation of the mixture and the mass conserva-
tion of the components according to a number of assumptions.
The macroscopic constitutive equations necessary to complete
the thermodynamic description of the material behaviour and link
the dependent variables with the unknowns were then introduced
while accounting for the relevant assumptions. The ﬁnal set of ﬁeld
equations describing the system was obtained by combining the
balance equations and the constitutive equations.
The ﬁnite element formulation of the system of coupled equa-
tions describing the problem was then derived. The equations
describing the transport of the solute components were weighted
with the Streamline Upwind Petrov Galerkin method, whereas
the ﬂow and the equilibrium equations were weighted with the
classical Bubnov Galerkin method. The ﬁnite element formulation
was implemented in a ﬁnite element code, requiring the develop-
ment of a new type of ﬁnite element for multispecies reactive
transport and the modiﬁcation of the formulation of the existing ﬁ-
nite elements describing the ﬂow and the equilibrium. The cou-
pling between the two element types was also introduced.
The ability of the model to reproduce the physical, the chemical
and the biological processes considered in the theoretical frame-
work was examined based on numerical examples. The ﬂow-dri-
ven injection of bacteria and chemicals, followed by the
mechanical loading, was simulated in a vertical column of sand.
The loading sequence enabled the main model processes to be
observed.
The results showed that the model was able to reproduce all of
the mechanisms of interest and their couplings. Analytical meth-
ods were applied to verify the advective front propagation and
the amount of calcite precipitation. Both of the phenomena were
correctly reproduced with respect to the analytical solution. The
simulation results highlighted the importance of the kinetics of
the competing processes, the boundary conditions and the
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geometry in determining the ﬁnal spatial distribution of the
reinforcement in terms of porosity and permeability reduction,
compressibility reduction and stiffness increase.
The use of this advanced coupled model for analysing the phys-
ical processes occurring during the injection of a reactive grout in a
saturated, deformable porous media could be of great interest for
the design of laboratory and in situ tests, as well as for in situ
applications.
Finally, the model was developed to accommodate multispe-
cies reactive transport in a deformable, porous media considering
porosity, permeability and density changes. Thus, the model could
easily be applied to a great number of applications by adapting
the constitutive relations expressing the chemical reaction and
its rate.
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Appendix A
Balance equations.
(AB1) The porous media is saturated with one ﬂuid phase.
(AB2) The porous media is isothermal, all of the components
and the phases are everywhere in thermal equilibrium,
and temperature variations are not considered.
(AB3) The solid–ﬂuid interface is a material surface with
respect to the mass of the solid phase (i.e., despite the
deformation and the movement of the boundary, no solid
mass is transported across it; in other words, the ﬂuid
phase cannot penetrate inside the solid grains but always
remains at the grain surface).
(AB4) The volume fractions of urea/calcium and ammonium in
the solid phase are assumed to be negligible with respect
to the solid grains, the bacteria and the calcite volumes.
(AB5) The ﬂuid phase is considered perfectly miscible (i.e., its
composition has no inﬂuence on its total volume).
(AB6) The net inﬂux of chemical species in the solid and the
ﬂuid phases are negligible with respect to the sum of
the net inﬂux and the net production of bacteria and
the net production of chemical species.
(AB7) The dispersive mass ﬂux and the dispersive momentum
ﬂux of the phases are negligible with respect to their
advective counterparts.
(AB8) The sum of the advective and the dispersive momentum
ﬂuxes of the ﬂuid phase across the boundary is negligible
with respect to the diffusive momentum ﬂux of the same
phase.
(AB9) The inertial forces are negligible with respect to the vis-
cous forces.
(AB10) All of the components of a phase are assumed to be
advected at the velocity of the phase.
(AB11) The dispersive and the diffusive mass ﬂuxes are
neglected for the components of the solid phase.
(AB12) No internal production of minerals or pore water occurs.
(AB13) All of the precipitated calcite is assumed to attach to the
solid phase; therefore, no net inﬂux is considered, and
calcite is only present in its adsorbed solid form.
(AB14) The random mobility and the chemotaxis of bacteria is
assumed to be negligible with respect to the advective
and the non-advective ﬂuxes.
(AB15) The gas production during MICP is neglected.
Constitutive equations.
(AC1) The advective ﬂux is governed by Darcy’s law.
(AC2) The non-advective ﬂuxes obey Fick’s law.
(AC3) The sorption of bacteria is assumed to be a ﬁrst-order,
kinetic, irreversible reaction.
(AC4) Growth is assumed to be negligible in the absence of
nutrients.
(AC5) The decay of bacteria is assumed to be a ﬁrst-order,
kinetic, irreversible reaction, the rate of which is con-
stant and equal in both the solid and the ﬂuid phases.
(AC6) The sorption/desorption of urea/calcium and ammonium
is assumed to be an equilibrium, reversible reaction gov-
erned by a linear equilibrium isotherm.
(AC7) The chemical reactions involved in the MICP are assumed
to be a ﬁrst-order, kinetic, irreversible reaction described
by a bulk reaction rate that is governed by the available
urease activity and the concentration of urea.
(AC8) Only the dissolved species react in the overall biogrout
reaction.
(AC9) The urease of both the attached and the dissolved bacte-
ria catalyse the overall biogrout reaction.
(AC10) The solid grains, the calcite and the bacteria are assumed
to be incompressible.
(AC11) The ﬂuid is assumed to be barotropic.
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